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What is xdvmp ?



xdvmp
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Stand alone program in C++. Implements the KMW dipole 
based model: b-Sat & b-CGC

Features:
• b-Sat & b-CGC for e+p (following KMW)
• GaussLC and boosted Gaussian wave fct. implemented
• Calculates cross-sections for VM = J/ψ, ϕ, ρ
• DGLAP from Francois Gelis 
• Output = ROOT histos
• Missing: Skewedness (x≠x’) and Re(A) corrections (~20%)
• e+A (in principle only for b-Sat): following KT & KLV

In Practice : allows simulation (detector, acceptance, ...) by 
weighting with σ(<your favorite parameters x, Q2, t, W, ...>) 
provided by xdvmp.



Implementation
xdvmp is a bunch of C and C++ source and header files plus a 
Makefile distributed via tarball (untar, make, run ☺)

Requires: 
• ROOT libraries and header files
• GNU Scientific Library (gsl)
• Code from Francois (DGLAP) and Werner (αs) [contained in package]

Syntax:

xdvmp [-v] [-p rho|phi|jpsi] [-m bCGC|bSat] [-w GausLC|bGauss] [-A A] [-d] 
      [-o] [-n] rootfile
-v       verbose mode (more print out)
-p part  VM to use: can be rho, phi, or jpsi (default = jpsi)
-m model dipole model to use: can be bSat or bCGC (default = bSat)
-w model VM wave function to use: can be GausLC or bGauss (default = bGauss)
-A A     mass number A of target (default = 1 (proton))
-d       generate dipole cross-sections histos
-o       generate overlap integrals histos
-n       do NOT calculate other cross-section histos
rootfile is the file to which all results (TF1 etc) are written
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The Physics 
Behind xdvmp



Dipole Model & KWM
Based on:

Exclusive diffractive processes at HERA within the dipole picture, H. Kowalski, L. 
Motyka, G. Watt, PhysRev D74, 074016, arXiv:hep-ph/0606272v2
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q,∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by
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2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(εr)

2π
, (13)
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Cross-section for production of final state VM:

Amplitude
Overlap between
photon and VM 
wave function

Dipole
Cross-Section

Dipole model:
1. γ* fluctuates into q q pair
2. q q scatters elastically on p(A)
3. q q pair recombines into γ*
4. γ* decays into VM 
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contributes to the cross section. Summed over the quark helicities, for a given quark flavour f
it is given by

(Ψ∗
γΨ)f

T =
2Nc

π
αeme2

f

{[

z2 + (1 − z)2
]

εK1(εr)mfK1(mfr) + m2
fK0(εr)K0(mfr)

}

. (17)

2.2 Forward vector meson wave functions

Various conventions are used in the literature for the forward vector meson wave functions.
Recently, Forshaw, Sandapen and Shaw (FSS) [9] suggested some guidelines for bringing order

into this problem. We will adopt their prescription in this section, apart from the overall
normalisation factor of 1/(4π) discussed previously, which in our case appears in the integration

measure.

The simplest approach to modelling the vector meson wave function is to assume, following

Refs. [1, 5, 9], that the vector meson is predominantly a quark–antiquark state and that the
spin and polarisation structure is the same as in the photon case. In complete analogy to the

transversely polarised photon wave function (14), the transversely polarised vector meson wave
function is

ΨV
hh̄,λ=±1(r, z) = ±

√

2Nc
1

z(1 − z)

{

ie±iθr [zδh,±δh̄,∓ − (1 − z)δh,∓δh̄,±]∂r + mfδh,±δh̄,±

}

φT (r, z).

(18)

The longitudinally polarised wave function is slightly more complicated due to the fact that
the coupling of the quarks to the meson is non-local, contrary to the photon case [9]. It is given

by

ΨV
hh̄,λ=0(r, z) =

√

Nc δh,−h̄

[

MV + δ
m2

f −∇2
r

MV z(1 − z)

]

φL(r, z), (19)

where ∇2
r ≡ (1/r)∂r + ∂2

r and MV is the meson mass. The difference in the structure of
the longitudinal wave function is due to the non-local term proportional to δ, which was first

introduced by Nemchik, Nikolaev, Predazzi and Zakharov (NNPZ) [2, 4].

Formulae (18) and (19) uniquely define the scalar part of the vector meson wave function

φT,L(r, z), which is obtained from the photon wave function by the replacement

efe z(1 − z)
K0(εr)

2π
−→ φT,L(r, z), (20)

with the prefactor 2Q → MV for the case of the longitudinal polarisation. Note that this

definition of φT,L(r, z)|r=0 matches, up to a constant factor, the definition of the distribution
amplitude in QCD.

The overlaps between the photon and the vector meson wave functions read then:

(Ψ∗
V Ψ)T = êfe

Nc

πz(1 − z)

{

m2
fK0(εr)φT (r, z) −

[

z2 + (1 − z)2
]

εK1(εr)∂rφT (r, z)
}

, (21)

(Ψ∗
V Ψ)L = êfe

Nc

π
2Qz(1 − z) K0(εr)

[

MV φL(r, z) + δ
m2

f −∇2
r

MV z(1 − z)
φL(r, z)

]

, (22)

7where the effective charge êf = 2/3, 1/3, or 1/
√

2, for J/ψ, φ, or ρ mesons respectively.
Although it seems to be more natural to set δ = 1 as it was done in Refs. [2,4,9], we shall also
use the value δ = 0 in order to match the assumptions of other models [1, 5]. Note that the

additional factor of 1/[z(1 − z)] in (21) and (22) as compared to the photon overlap functions
(15) and (16) is due to the identification (20).

The usual assumption that the quantum numbers of the meson are saturated by the quark–
antiquark pair, that is, that the possible contributions of gluon or sea-quark states to the wave

function may be neglected, allows the normalisation of the vector meson wave functions to
unity:

1 =
∑

h,h̄

∫

d2r

∫ 1

0

dz

4π

∣

∣

∣
ΨV

hh̄,λ(r, z)
∣

∣

∣

2
. (23)

Thus, in the scheme presented here the normalisation conditions for the scalar parts of the

wave functions are

1 =
Nc

2π

∫ 1

0

dz

z2(1 − z)2

∫

d2r
{

m2
fφ

2
T +

[

z2 + (1 − z)2
]

(∂rφT )2
}

, (24)

1 =
Nc

2π

∫ 1

0

dz

∫

d2r

[

MV φL + δ
m2

f −∇2
r

MV z(1 − z)
φL

]2

. (25)

Another important constraint on the vector meson wave functions is obtained from the decay

width. It is commonly assumed that the decay width can be described in a factorised way;
the perturbative matrix element qq̄ → γ∗ → l+l− factorises out from the details of the wave

function, which contributes only through its properties at the origin.2 The decay widths are
then given by

fV,T = êf
Nc

2πMV

∫ 1

0

dz

z2(1 − z)2

{

m2
f −

[

z2 + (1 − z)2
]

∇2
r

}

φT (r, z)

∣

∣

∣

∣

r=0

, (26)

fV,L = êf
Nc

π

∫ 1

0

dz

[

MV + δ
m2

f −∇2
r

MV z(1 − z)

]

φL(r, z)

∣

∣

∣

∣

r=0

. (27)

The coupling of the meson to the electromagnetic current, fV , is obtained from the measured
electronic decay width by

ΓV →e+e− =
4πα2

emf 2
V

3MV
. (28)

In order to complete the model of the vector meson wave function the scalar parts of the

wave functions φT,L(r, z) should be specified. In the photon case the scalar part is given by
modified Bessel functions, whereas for vector mesons various quark models tell us that a hadron

at rest can be modelled by Gaussian fluctuations in transverse separation. The proton wave
function is also directly seen to have a Gaussian form from the t-distributions of vector mesons

at HERA; see the discussion of the proton shape below. After assuming a Gaussian form the
modelling freedom reduces to the choice of a fluctuating variable.

2Usually, one assumes that the factorisation holds and that the perturbative QCD corrections are similar
for the process of vector meson production γ∗(Q2) + 2g → V and for the vector meson decay V → γ∗ → l+l−,
thus the corrections can be absorbed into the wave function.

8

where:

z = fraction of photon’s light cone
momentum carried by quark
r = dipole size
mf = quark mass
MV = vector meson mass
Nc = 3
K0,1: Bessel functions
δ = 0 or 1 (model/author dependent - here always 1)

!
*

!
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z

1-z
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p p

Figure 1: The elastic scattering of a virtual photon on a proton in the dipole representation.

data for all vector mesons and DVCS to be described using a unique Gaussian proton shape,
independent of the produced final state.

2 The dipole model

In the dipole model, deep inelastic scattering is viewed as the interaction of a colour dipole,
that is, mostly a quark–antiquark pair, with the proton. The transverse size of the pair is

denoted by r and a quark carries a fraction z of the photon’s light-cone momentum. In the
proton rest frame, the dipole lifetime is much longer than the lifetime of its interaction with the

target proton. Therefore, the elastic γ∗p scattering is assumed to proceed in three stages: first
the incoming virtual photon fluctuates into a quark–antiquark pair, then the qq̄ pair scatters
elastically on the proton, and finally the qq̄ pair recombines to form a virtual photon. This is

shown schematically in Fig. 1.

The amplitude for the elastic process γ∗p → γ∗p, Aγ∗p(x, Q,∆), is simply the product of
amplitudes of these three subprocesses integrated over the dipole variables r and z:

Aγ∗p(x, Q,∆) =
∑

f

∑

h,h̄

∫

d2r

∫ 1

0

dz

4π
Ψ∗

hh̄(r, z, Q)Aqq̄(x, r,∆) Ψhh̄(r, z, Q), (1)

where Ψhh̄(r, z, Q) denotes the amplitude for the incoming virtual photon to fluctuate into a
quark–antiquark dipole with helicities h and h̄ and flavour f . We suppress here references to

the photon helicities for simplicity. Aqq̄(x, r,∆) is the elementary amplitude for the scattering
of a dipole of size r on the proton, ∆ denotes the transverse momentum lost by the outgoing

proton, and x is the Bjorken variable. Note that, following Ref. [1], we choose a slightly different
convention from that commonly used, in that we include a factor of 1/(4π) in the integration
measure; this convention is reflected in the normalisation of the photon and vector meson wave

functions.

3

and for the transverse photon polarisations (λ = ±1) by

Ψhh̄,λ=±1(r, z, Q) = ±efe
√

2Nc

{

ie±iθr [zδh,±δh̄,∓ − (1 − z)δh,∓δh̄,±]∂r + mfδh,±δh̄,±

} K0(εr)

2π
,

(14)
where e =

√
4παem, the subscripts h and h̄ are the helicities of the quark and the antiquark

respectively and θr is the azimuthal angle between the vector r and the x-axis in the transverse
plane. K0 is a modified Bessel function of the second kind, ε2 ≡ z(1− z)Q2 +m2

f and Nc = 3 is

the number of colours. The flavour f dependence enters through the values of the quark charge
ef and mass mf , and ∂rK0(εr) = −εK1(εr).

2.1.1 Total DIS cross sections

In the case of the total DIS cross section σγ∗p, which is obtained from the elastic γ∗p → γ∗p

amplitude via the optical theorem, the squared photon wave functions summed over the quark
helicities for a given photon polarisation and quark flavour are given by the tree-level QED

expressions:

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄=± 1
2

λ=±1

Ψ∗
hh̄,λΨhh̄,λ =

2Nc

π
αeme2

f

{[

z2 + (1 − z)2
]

ε2K2
1(εr) + m2

fK
2
0 (εr)

}

, (15)

(Ψ∗Ψ)f
L ≡

∑

h,h̄=± 1
2

Ψ∗
hh̄,λ=0Ψhh̄,λ=0 =

8Nc

π
αeme2

fQ
2z2(1 − z)2K2

0 (εr). (16)

At small dipole sizes these expressions are well motivated since they can be derived from the

LO kt-factorisation formulae. At large dipole sizes the wave functions are suppressed, since
for large values of the argument the modified Bessel functions behave as K0(εr), K1(εr) ∼
√

π/(2εr) exp(−εr). At larger Q2 values the wave functions are suppressed for large r unless
z is close to the end-point values of zero or one.1 Near the end-points or at small Q2 the wave

functions are sensitive to the non-zero quark masses mf , which prevent the integrals over r of
the modified Bessel functions from diverging. Of course, near the end-points or at small Q2 the
expressions (15) and (16) should be considered as a model in which the value of the light quark

masses provides a cut-off scale which should be related to the physical cut-off scale generated
by confinement effects. It is therefore customary in dipole models to identify the light quark

masses with the pion mass.

2.1.2 Deeply virtual Compton scattering

In addition to the total DIS cross section σγ∗p, the photon wave functions determine also
the DVCS process, γ∗p → γp. Here the outgoing photon is real and therefore the process is

directly observed at HERA. For real photons, only the transversely polarised overlap function
1This is the origin of the statement that the transverse cross section is more inherently non-perturbative

than the longitudinal cross section, since the contribution from the end-points is suppressed for the longitudinal
but not the transverse case, see (15) and (16).
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φT,L(r,z) = VM wave function

contributes to the cross section. Summed over the quark helicities, for a given quark flavour f
it is given by

(Ψ∗
γΨ)f

T =
2Nc

π
αeme2

f
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z2 + (1 − z)2
]

εK1(εr)mfK1(mfr) + m2
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2.2 Forward vector meson wave functions

Various conventions are used in the literature for the forward vector meson wave functions.
Recently, Forshaw, Sandapen and Shaw (FSS) [9] suggested some guidelines for bringing order

into this problem. We will adopt their prescription in this section, apart from the overall
normalisation factor of 1/(4π) discussed previously, which in our case appears in the integration

measure.

The simplest approach to modelling the vector meson wave function is to assume, following

Refs. [1, 5, 9], that the vector meson is predominantly a quark–antiquark state and that the
spin and polarisation structure is the same as in the photon case. In complete analogy to the

transversely polarised photon wave function (14), the transversely polarised vector meson wave
function is
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2Nc
1
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(18)

The longitudinally polarised wave function is slightly more complicated due to the fact that
the coupling of the quarks to the meson is non-local, contrary to the photon case [9]. It is given

by

ΨV
hh̄,λ=0(r, z) =

√

Nc δh,−h̄

[

MV + δ
m2

f −∇2
r

MV z(1 − z)

]

φL(r, z), (19)

where ∇2
r ≡ (1/r)∂r + ∂2

r and MV is the meson mass. The difference in the structure of
the longitudinal wave function is due to the non-local term proportional to δ, which was first

introduced by Nemchik, Nikolaev, Predazzi and Zakharov (NNPZ) [2, 4].

Formulae (18) and (19) uniquely define the scalar part of the vector meson wave function

φT,L(r, z), which is obtained from the photon wave function by the replacement

efe z(1 − z)
K0(εr)

2π
−→ φT,L(r, z), (20)

with the prefactor 2Q → MV for the case of the longitudinal polarisation. Note that this

definition of φT,L(r, z)|r=0 matches, up to a constant factor, the definition of the distribution
amplitude in QCD.

The overlaps between the photon and the vector meson wave functions read then:

(Ψ∗
V Ψ)T = êfe

Nc

πz(1 − z)

{

m2
fK0(εr)φT (r, z) −

[

z2 + (1 − z)2
]

εK1(εr)∂rφT (r, z)
}

, (21)

(Ψ∗
V Ψ)L = êfe

Nc

π
2Qz(1 − z) K0(εr)

[

MV φL(r, z) + δ
m2

f −∇2
r

MV z(1 − z)
φL(r, z)

]

, (22)

7

Follows: Forshaw, Sandepen, Shaw description



Two models:
Gaus-LC

Boosted Gaussian

VM Wave Functions

8

Meson MV /GeV fV mf/GeV NT R2
T /GeV−2 NL R2

L/GeV−2

J/ψ 3.097 0.274 1.4 1.23 6.5 0.83 3.0

φ 1.019 0.076 0.14 4.75 16.0 1.41 9.7
ρ 0.776 0.156 0.14 4.47 21.9 1.79 10.4

Table 1: Parameters of the “Gaus-LC” vector meson wave functions.

Dosch, Gousset, Kulzinger and Pirner (DGKP) [5] made the simplest assumption that the
longitudinal momentum fraction z fluctuates independently of the transverse quark momentum

k, where k is the Fourier conjugate variable to the dipole vector r. In what follows, this type
of scalar wave function will be called the factorised wave function. In the DGKP model the

parameter δ = 0 in (22), (25) and (27). The DGKP model was further simplified by Kowalski
and Teaney [1], who assumed that the z dependence of the wave function for the longitudinally
polarised meson is given by the short-distance limit of z(1 − z) [17]. For the transversely

polarised meson they set φT (r, z) ∝ [z(1 − z)]2 in order to suppress the contribution from the
end-points (z → 0, 1). This leads to the “Gaus-LC” [1] wave functions given by3

φT (r, z) = NT [z(1 − z)]2 exp(−r2/2R2
T ), (29)

φL(r, z) = NLz(1 − z) exp(−r2/2R2
L). (30)

The values of the constants NT,L and RT,L in (29) and (30), determined by requiring the correct

normalisation and by the condition fV = fV,T = fV,L, are given in Table 1.

The main advantage of the factorised wave functions is their simplicity. Probably a more

realistic approach starts from the observation of Brodsky, Huang and Lepage [42] that the
fluctuation of the quark three-momentum p in the rest frame of the meson could be described

in a boost-invariant form. In the meson rest frame, the momentum p is connected to the qq̄
invariant mass by M2 = 4(p2 + m2

f ). In the light-cone frame, the qq̄ invariant mass is given by
M2 = (k2 + m2

f )/[z(1 − z)]. This leads to

p2 =
k2 + m2

f

4z(1 − z)
− m2

f , (31)

and a simple ansatz for the scalar wave function in momentum space of

φ̃T,L(k, z) ∝ exp

[

−R2

8

(

k2 + m2
f

z(1 − z)
− 4m2

f

)]

. (32)

This is the basis for the “boosted Gaussian” wave function of FSS [9], which was first proposed

by NNPZ [2, 4].4 In the configuration space these wave functions are given by the Fourier
transform of (32):

φT,L(r, z) = NT,Lz(1 − z) exp

(

−
m2

fR2

8z(1 − z)
− 2z(1 − z)r2

R2
+

m2
fR2

2

)

. (33)

3Kowalski and Teaney [1] used a somewhat different convention; see the appendix for more details.
4Following FSS [9] we set the Coulombic part of the NNPZ wave function [2, 4] to zero to avoid singular

behaviour at the origin. This should be reasonable for ρ and φ mesons, but has less justification for J/ψ mesons.
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f )/[z(1 − z)]. This leads to

p2 =
k2 + m2

f

4z(1 − z)
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f , (31)
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φ̃T,L(k, z) ∝ exp

[

−R2

8

(

k2 + m2
f

z(1 − z)
− 4m2

f

)]

. (32)

This is the basis for the “boosted Gaussian” wave function of FSS [9], which was first proposed

by NNPZ [2, 4].4 In the configuration space these wave functions are given by the Fourier
transform of (32):

φT,L(r, z) = NT,Lz(1 − z) exp

(

−
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fR2
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Meson MV /GeV fV mf/GeV NT NL R2/GeV−2 fV,T

J/ψ 3.097 0.274 1.4 0.578 0.575 2.3 0.307

φ 1.019 0.076 0.14 0.919 0.825 11.2 0.075
ρ 0.776 0.156 0.14 0.911 0.853 12.9 0.182

Table 2: Parameters of the “boosted Gaussian” vector meson wave functions.

Note that the “boosted Gaussian” wave function has the proper short-distance limit, ∼ z(1−z),

for mf → 0. Following the authors of the model we set δ = 1 in equations (22), (25) and
(27), defining the longitudinally polarised overlap, the normalisation and the decay constant
respectively. We choose the “radius” parameter R to reproduce the experimentally measured

leptonic decay width of the vector meson for the longitudinally polarised case. This means that
the calculated decay width for the transversely polarised case will be slightly different. The

parameters R and NT,L are determined by the normalisation conditions (24) and (25) and the
decay width condition (27).

The parameters of the “boosted Gaussian” wave function are given in Table 2, where we
also show the value of fV,T (26) computed using the given values of R and NT . (Recall that

we require that fV,L = fV .)

The “boosted Gaussian” wave function is very similar to the “Gaus-RF” wave function used

in the KT investigation [1], except for the Jacobian of the transformation from the rest frame
variables to the light-cone variables. We focus here on the “boosted Gaussian” version because

of the proper short distance limit of the z dependence. The “CORNELL” wave function used in
Ref. [1] cannot be used for light vector mesons since it was obtained within the nonrelativistic
bound-state model.

Comparing the values of the radius parameters given in Tables 1 and 2 we note that the

meson description with the “boosted Gaussian” wave function is more self-consistent; the values
of the radius parameters RT and RL for the “Gaus-LC” wave functions are very different
indicating that there are large dynamical corrections to at least one of the meson polarisation

states. For the “boosted Gaussian” there is only one radius parameter R, since the description
of the meson is assumed to be boost-invariant between the meson rest frame and the light-cone

frame. The shortcoming of this approach is that the predicted decay constant fV differs slightly
between the transverse and the longitudinal polarisation components. However, the differences

between the decay constants of the “boosted Gaussian” wave function are relatively small
compared to the differences between the radii of the “Gaus-LC” wave function. To quantify
this effect we fix the parameter RT of the “Gaus-LC” wave function to the same value as RL,

then we predict the value of the decay constant fV,T (allowing for NT to be determined from
the normalisation constraint). The resulting values of fV,T were 0.44, 0.13 and 0.33 for J/ψ, φ

and ρ mesons respectively, to be compared with the experimental values of fV (= fV,L) of 0.27,
0.08 and 0.16. That is, the differences between fV,T and fV,L for the “Gaus-LC” wave function
are much larger than the equivalent differences for the “boosted Gaussian” wave function; see

Table 2.

The agreement between the decay constants for the longitudinal and transverse polarisation
with the “boosted Gaussian” wave function is particularly good for the φ meson wave function.
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Dipole Cross-Section: b-Sat Model

9

Later, also Forshaw and Shaw (FS) [38] proposed a Regge-type model with saturation effects.
The CGC and FS models provide a description of HERA inclusive and diffractive DIS data
which is better than the original GBW model and comparable in quality to the BGBK analysis.

Both models find strong saturation effects in HERA data comparable to the GBW model and
the solution of the BGBK model with mu,d,s = 0.14 GeV.

All approaches to dipole saturation discussed so far ignored a possible impact parameter

dependence of the dipole cross section. This dependence was introduced in this context by
KT [1], who assumed that the dipole cross section is a function of the opacity Ω, following for

instance Ref. [3]:

dσqq

d2b
= 2

(

1 − e−
Ω
2

)

. (39)

At small x the opacity Ω can be directly related to the gluon density, xg(x, µ2), and the
transverse profile of the proton, T (b):

Ω =
π2

Nc
r2 αS(µ2) xg(x, µ2) T (b). (40)

The formulae of (39) and (40) are called the Glauber–Mueller dipole cross section. The diffrac-
tive cross section of this type was used around 50 years ago to study the diffractive dissociation

of deuterons by Glauber [46] and reintroduced by Mueller [47] to describe dipole scattering in
deep-inelastic processes.

2.3.2 Applied dipole cross sections

Since the description of exclusive vector meson production is the focus of this investigation we
concentrate here on impact parameter dependent dipole cross sections. First, we use the same
form of the differential dipole cross section as in the KT investigation [1]:

dσqq̄

d2b
= 2

[

1 − exp

(

− π2

2Nc
r2αS(µ2)xg(x, µ2)T (b)

)]

. (41)

Here, the scale µ2 is related to the dipole size r by µ2 = 4/r2 +µ2
0. The gluon density, xg(x, µ2),

is evolved from a scale µ2
0 up to µ2 using LO DGLAP evolution without quarks:

∂xg(x, µ2)

∂ ln µ2
=

αS(µ2)

2π

∫ 1

x

dz Pgg(z)
x

z
g

(x

z
, µ2

)

. (42)

The initial gluon density at the scale µ2
0 is taken in the form

xg(x, µ2
0) = Ag x−λg (1 − x)5.6. (43)

The values of the parameters µ2
0, Ag, and λg are determined from a fit to F2 data. For the

light quarks, the gluon density is evaluated at x = xB (Bjorken-x), while for charm quarks,
x = xB(1 + 4m2

c/Q
2). The contribution from beauty quarks is neglected. For vector meson

production, the gluon density is evaluated at x = xB(1 + M2
V /Q2). The LO formula for the

running strong coupling αS(µ2) is used, with three fixed flavours and ΛQCD = 0.2 GeV.
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The proton shape function T (b) is normalised so that
∫

d2b T (b) = 1. (44)

We consider first a Gaussian form for T (b), that is,

TG(b) =
1

2πBG
e
− b2

2BG , (45)

where BG is a free parameter which is fixed by the fit to the differential cross sections dσ/dt

for exclusive vector meson production. This distribution yields the average squared transverse
radius of the proton,

〈b2〉 = 2BG. (46)

Assuming that the Gaussian distribution given by (45) holds also in three dimensions (with a

different normalisation factor) we obtain the relationship between the parameter BG and the
Hofstadter radius of the proton Rp, namely R2

p = 3BG. Note that the Hofstadter experiment [48]

measured the electromagnetic radius whereas we probe the gluonic distribution of the proton.

The two-dimensional Fourier transform of (45) has the exponential form which is supported
by the data:6

dσγ∗p→V p

dt
∝ e−BG|t|. (47)

Alternatively, we assume that the gluonic density in the proton is evenly distributed over a
certain area within a sharp boundary, and is zero beyond this boundary. That is, we assume a

step function, again normalised as in (44):

TS(b) =
1

πb2
S

Θ (bS − b) , (48)

where bS is a free parameter, for which the average squared transverse radius of the proton is

〈b2〉 =
b2
S

2
. (49)

This is the form of T (b) implicitly used in all b-independent parameterisations of the dipole

cross section. That is, it is usually assumed that

dσqq̄

d2b
≡ 2[1 − Re S(x, r, b)] ≡ 2N (x, r, b) = 2N (x, r) Θ (bS − b) , (50)

so that integration over b gives

σqq̄(x, r) = σ0 N (x, r), (51)

where the parameter σ0 ≡ 2πb2
S is usually obtained by fitting to the F2 data. This is the form

assumed in the GBW model (35), the BGBK model (36), and the CGC model (37). Note that
6Note that for exclusive diffractive processes at large values of (M2

V + Q2) the typical dipole size r is small,
and the t-dependence of the cross section is determined entirely by the proton transverse profile.
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Proton shape: Gaussian or step function, here only former is used:

BG = 4 GeV-2   from fits to HERA data
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Figure 4: Dipole cross section at various impact parameters, as determined in the b-Sat model.

Model T (b) Q2/GeV2 mu,d,s/GeV mc/GeV µ2
0/GeV2 Ag λg χ2/d.o.f.

b-Sat Gaussian [0.25,650] 0.14 1.4 1.17 2.55 0.020 193.0/160 = 1.21
b-Sat Gaussian [0.25,650] 0.14 1.35 1.20 2.51 0.024 190.2/160 = 1.19

b-Sat Gaussian [0.25,650] 0.14 1.5 1.11 2.64 0.011 198.1/160 = 1.24
b-Sat Gaussian [0.25,650] 0.05 1.4 0.77 3.61 −0.118 144.7/160 = 0.90
b-Sat Step [0.25,650] 0.14 1.4 1.50 2.20 0.071 199.6/160 = 1.25

Table 3: Parameters of the initial gluon distribution (43) determined from fits to F2 data [22,23].

All predictions using the b-Sat model in this paper are evaluated with the set of parameters
given in the first line unless explicitly stated otherwise.

18

Parameters for: xg()

from fits to HERA F2 data
How DGLAP is done:
http://ipht.cea.fr/pisp/gelis/Soft/DGLAP/index.html
The method used here for solving these integro-differential equations is based on an idea by 
Laurent Schoeffel, explained in the paper "An elegant and fast method to solve QCD evolution 
equations".

This method uses a decomposition of the parton distribution functions and of the splitting functions 
into a sum of Laguerre polynomials. The code for computing the coefficients of the Laguerre 
decomposition of the splitting functions is a mere translation into C of Laurent Schoeffel's original 
FORTRAN code.

To follow KMW only Pgg is used (easy to implement, just a flag)

http://ipht.cea.fr/pisp/gelis/Soft/DGLAP/index.html
http://ipht.cea.fr/pisp/gelis/Soft/DGLAP/index.html
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A note on αs:
KMW uses the text book version with nf=3 and ΛQCD=200 GeV.
I’m using MRST code I got from Werner (translated into C++).
Here’s a comparison:

Note: since dσ/db ~ αsxg knowledge of αs matters
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KMW introduce b dependence to CGC model:

the scattering amplitudes N (x, r, b) or N (x, r) can vary between zero and one, where N = 1 is
the unitarity limit.

To introduce the impact parameter dependence into the CGC model [37], we modify (37)
to obtain the “b-CGC” model:

dσqq̄

d2b
≡ 2N (x, r, b) = 2 ×







N0

(

rQs

2

)2(γs+ 1
κλY

ln 2
rQs

)
: rQs ≤ 2

1 − e−A ln2(BrQs) : rQs > 2
, (52)

where now the parameter Qs depends on the impact parameter:

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

[

exp

(

− b2

2BCGC

)]
1

2γs

. (53)

Note that, in contrast to the parameter BG in the KT approach, a straightforward interpretation

of BCGC in terms of the proton size is not possible due to the r and Y dependence of the exponent

2
(

γs + 1
κλY ln 2

rQs

)

in (52).

Following KT [1] we define the saturation scale Q2
S ≡ 2/r2

S, where the saturation radius rS

is the dipole size where the scattering amplitude N has a value of 1 − exp(−1/2) % 0.4, that
is, rS is defined by solving

N (x, rS, b) = 1 − e−
1
2 , (54)

with the same condition for the b-independent dipole models. For the GBW model (35), the
saturation scale Q2

S = 2/r2
S defined by (54) coincides with Q2

s(x) ≡ (x0/x)λGBW GeV2. However,

for the CGC (37) and b-CGC (52) models, the saturation scale QS defined by (54) differs from
the parameter Qs. Note that we use upper-case S and lower-case s to distinguish between these

two scales. The saturation scale QS is the quantity we shall later compute and compare for the
different dipole models in Sect. 5.

2.3.3 Phenomenological corrections for exclusive processes

After performing the angular integrations, (11) reduces to

Aγ∗p→Ep
T,L = i

∫ ∞

0

dr (2πr)

∫ 1

0

dz

4π

∫ ∞

0

db (2πb) (Ψ∗
EΨ)T,L J0(b∆) J0 ([1 − z]r∆)

dσqq̄

d2b
, (55)

where J0 is the Bessel function of the first kind and E = V, γ denotes either the exclusive vector

meson or DVCS final state. The derivation of the expression for the exclusive vector meson
production or DVCS amplitude, (11), relies on the assumption that the S-matrix is purely real
and therefore the exclusive amplitude A is purely imaginary. The real part of the amplitude

can be accounted for by multiplying the differential cross section for vector meson production
or DVCS, (12), by a factor (1 + β2), where β is the ratio of real to imaginary parts of the

scattering amplitude A and is calculated using

β = tan(πλ/2), with λ ≡
∂ ln

(

Aγ∗p→Ep
T,L

)

∂ ln(1/x)
. (56)
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the scattering amplitudes N (x, r, b) or N (x, r) can vary between zero and one, where N = 1 is
the unitarity limit.

To introduce the impact parameter dependence into the CGC model [37], we modify (37)
to obtain the “b-CGC” model:

dσqq̄

d2b
≡ 2N (x, r, b) = 2 ×







N0

(

rQs

2

)2(γs+ 1
κλY

ln 2
rQs

)
: rQs ≤ 2

1 − e−A ln2(BrQs) : rQs > 2
, (52)

where now the parameter Qs depends on the impact parameter:

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

[

exp

(

− b2

2BCGC

)]
1

2γs

. (53)

Note that, in contrast to the parameter BG in the KT approach, a straightforward interpretation

of BCGC in terms of the proton size is not possible due to the r and Y dependence of the exponent

2
(

γs + 1
κλY ln 2

rQs

)

in (52).

Following KT [1] we define the saturation scale Q2
S ≡ 2/r2

S, where the saturation radius rS

is the dipole size where the scattering amplitude N has a value of 1 − exp(−1/2) % 0.4, that
is, rS is defined by solving

N (x, rS, b) = 1 − e−
1
2 , (54)

with the same condition for the b-independent dipole models. For the GBW model (35), the
saturation scale Q2

S = 2/r2
S defined by (54) coincides with Q2

s(x) ≡ (x0/x)λGBW GeV2. However,

for the CGC (37) and b-CGC (52) models, the saturation scale QS defined by (54) differs from
the parameter Qs. Note that we use upper-case S and lower-case s to distinguish between these

two scales. The saturation scale QS is the quantity we shall later compute and compare for the
different dipole models in Sect. 5.

2.3.3 Phenomenological corrections for exclusive processes

After performing the angular integrations, (11) reduces to

Aγ∗p→Ep
T,L = i

∫ ∞

0

dr (2πr)

∫ 1

0

dz

4π

∫ ∞

0

db (2πb) (Ψ∗
EΨ)T,L J0(b∆) J0 ([1 − z]r∆)

dσqq̄

d2b
, (55)

where J0 is the Bessel function of the first kind and E = V, γ denotes either the exclusive vector

meson or DVCS final state. The derivation of the expression for the exclusive vector meson
production or DVCS amplitude, (11), relies on the assumption that the S-matrix is purely real
and therefore the exclusive amplitude A is purely imaginary. The real part of the amplitude

can be accounted for by multiplying the differential cross section for vector meson production
or DVCS, (12), by a factor (1 + β2), where β is the ratio of real to imaginary parts of the

scattering amplitude A and is calculated using

β = tan(πλ/2), with λ ≡
∂ ln

(

Aγ∗p→Ep
T,L

)

∂ ln(1/x)
. (56)
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where

Model Q2/GeV2 mu,d,s/GeV mc/GeV N0 x0/10−4 λ χ2/d.o.f.

b-CGC [0.25,45] 0.14 1.4 0.417 5.95 0.159 211.2/130 = 1.62

Table 4: Parameters of the b-CGC model, (52) and (53), determined from a fit to F2 data
[22, 23].

t-distributions of the vector meson data has a possible uncertainty which could be as large as

0.5 GeV−2.

Summarising, we can see that the agreement of the predictions from the b-Sat model with

DVCS data is remarkably good, especially if we note that the DVCS data were not used in
fixing any parameters of the model.

4 Impact parameter dependent CGC model

We have seen that almost all features of the exclusive diffractive HERA processes are well
described by the impact parameter dependent saturation (“b-Sat”) model with a Gaussian

T (b) of width BG = 4 GeV−2. The b-Sat model assumes the validity of DGLAP evolution
which may not be appropriate when x approaches the saturation region. Therefore, we also

investigated the impact parameter dependent CGC (“b-CGC”) model, in which the dipole cross
section is given by (52) and (53). In the b-CGC model the evolution effects are included via
an approximate solution to the Balitsky–Kovchegov equation [43–45].

Similar to the b-Sat model, the parameter BCGC = 5.5 GeV−2 in (53) is determined by

requiring a good description of the t-slopes of vector meson data, while the three parameters
N0, λ and x0 in (52) and (53) are determined by fitting the F2 data [22, 23] with xB ≤ 0.01
and Q2 ∈ [0.25, 45] GeV2. The results of the fit are shown in Table 4. The fit to the F2 data

with the b-CGC model gives a sizably worse description than the b-Sat model as seen from the
value of the χ2/d.o.f. in Table 4 and the comparison with data of the parameter λtot shown

in the bottom plot of Fig. 5. The significant deterioration of the fit quality is due to the fact
that in the impact parameter dependent description, saturation effects can only be sizable in
the core of the proton, see the discussion in Sect. 5. The relatively poor quality of the fit

is the main reason why we prefer to use a DGLAP-evolved gluon density together with the
Glauber–Mueller dipole cross section, that is, the b-Sat model.

Although almost all features of the vector meson and DVCS data are well described by the
b-Sat model, there is one exception, namely α′

P
. It is predicted to be close to zero, due to

the assumed factorisation of T (b) from the gluon distribution xg(x, µ2), in some disagreement
with the data; see Figs. 17 and 18. In the b-CGC model the W (or x) dependence is not

factorised from the b dependence. Therefore, an appreciable α′
P

is achievable, as shown in
Fig. 21. Here, we use the “boosted Gaussian” vector meson wave function in both cases. In fact,

for photoproduction, a fit to the model predictions of the form BD = B0 +4α′
P
ln[W/(90 GeV)]

gives α′
P

= 0.075 for the b-CGC model compared to α′
P

= 0.004 for the b-Sat model. However,
the value of α′

P
from the b-CGC model is still slightly low when compared to the values of

0.116 ± 0.026±0.010
0.025 [25] or α′

P
= 0.164 ± 0.028 ± 0.030 [27] measured by experiment. We note
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from fits to HERA F2 data

Model Q2/GeV2 mu,d,s/GeV mc/GeV N0 x0/10−4 λ χ2/d.o.f.

b-CGC [0.25,45] 0.14 1.4 0.417 5.95 0.159 211.2/130 = 1.62

Table 4: Parameters of the b-CGC model, (52) and (53), determined from a fit to F2 data
[22, 23].

t-distributions of the vector meson data has a possible uncertainty which could be as large as

0.5 GeV−2.

Summarising, we can see that the agreement of the predictions from the b-Sat model with

DVCS data is remarkably good, especially if we note that the DVCS data were not used in
fixing any parameters of the model.

4 Impact parameter dependent CGC model

We have seen that almost all features of the exclusive diffractive HERA processes are well
described by the impact parameter dependent saturation (“b-Sat”) model with a Gaussian

T (b) of width BG = 4 GeV−2. The b-Sat model assumes the validity of DGLAP evolution
which may not be appropriate when x approaches the saturation region. Therefore, we also

investigated the impact parameter dependent CGC (“b-CGC”) model, in which the dipole cross
section is given by (52) and (53). In the b-CGC model the evolution effects are included via
an approximate solution to the Balitsky–Kovchegov equation [43–45].

Similar to the b-Sat model, the parameter BCGC = 5.5 GeV−2 in (53) is determined by

requiring a good description of the t-slopes of vector meson data, while the three parameters
N0, λ and x0 in (52) and (53) are determined by fitting the F2 data [22, 23] with xB ≤ 0.01
and Q2 ∈ [0.25, 45] GeV2. The results of the fit are shown in Table 4. The fit to the F2 data

with the b-CGC model gives a sizably worse description than the b-Sat model as seen from the
value of the χ2/d.o.f. in Table 4 and the comparison with data of the parameter λtot shown

in the bottom plot of Fig. 5. The significant deterioration of the fit quality is due to the fact
that in the impact parameter dependent description, saturation effects can only be sizable in
the core of the proton, see the discussion in Sect. 5. The relatively poor quality of the fit

is the main reason why we prefer to use a DGLAP-evolved gluon density together with the
Glauber–Mueller dipole cross section, that is, the b-Sat model.

Although almost all features of the vector meson and DVCS data are well described by the
b-Sat model, there is one exception, namely α′

P
. It is predicted to be close to zero, due to

the assumed factorisation of T (b) from the gluon distribution xg(x, µ2), in some disagreement
with the data; see Figs. 17 and 18. In the b-CGC model the W (or x) dependence is not

factorised from the b dependence. Therefore, an appreciable α′
P

is achievable, as shown in
Fig. 21. Here, we use the “boosted Gaussian” vector meson wave function in both cases. In fact,

for photoproduction, a fit to the model predictions of the form BD = B0 +4α′
P
ln[W/(90 GeV)]

gives α′
P

= 0.075 for the b-CGC model compared to α′
P

= 0.004 for the b-Sat model. However,
the value of α′

P
from the b-CGC model is still slightly low when compared to the values of

0.116 ± 0.026±0.010
0.025 [25] or α′

P
= 0.164 ± 0.028 ± 0.030 [27] measured by experiment. We note
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depends only on x!



we are done for the e+p part

Integration is done via multidim. integration routines from ROOT
which are essentially copies from CERNLIB, GSL, and others.

Cross-Section
Having all the ingredients and after performing 
angular integrations:
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the scattering amplitudes N (x, r, b) or N (x, r) can vary between zero and one, where N = 1 is
the unitarity limit.

To introduce the impact parameter dependence into the CGC model [37], we modify (37)
to obtain the “b-CGC” model:

dσqq̄

d2b
≡ 2N (x, r, b) = 2 ×







N0

(

rQs

2

)2(γs+ 1
κλY

ln 2
rQs

)
: rQs ≤ 2

1 − e−A ln2(BrQs) : rQs > 2
, (52)

where now the parameter Qs depends on the impact parameter:

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

[

exp

(

− b2

2BCGC

)]
1

2γs

. (53)

Note that, in contrast to the parameter BG in the KT approach, a straightforward interpretation

of BCGC in terms of the proton size is not possible due to the r and Y dependence of the exponent

2
(

γs + 1
κλY ln 2

rQs

)

in (52).

Following KT [1] we define the saturation scale Q2
S ≡ 2/r2

S, where the saturation radius rS

is the dipole size where the scattering amplitude N has a value of 1 − exp(−1/2) % 0.4, that
is, rS is defined by solving

N (x, rS, b) = 1 − e−
1
2 , (54)

with the same condition for the b-independent dipole models. For the GBW model (35), the
saturation scale Q2

S = 2/r2
S defined by (54) coincides with Q2

s(x) ≡ (x0/x)λGBW GeV2. However,

for the CGC (37) and b-CGC (52) models, the saturation scale QS defined by (54) differs from
the parameter Qs. Note that we use upper-case S and lower-case s to distinguish between these

two scales. The saturation scale QS is the quantity we shall later compute and compare for the
different dipole models in Sect. 5.

2.3.3 Phenomenological corrections for exclusive processes

After performing the angular integrations, (11) reduces to

Aγ∗p→Ep
T,L = i

∫ ∞

0

dr (2πr)

∫ 1

0

dz

4π

∫ ∞

0

db (2πb) (Ψ∗
EΨ)T,L J0(b∆) J0 ([1 − z]r∆)

dσqq̄

d2b
, (55)

where J0 is the Bessel function of the first kind and E = V, γ denotes either the exclusive vector

meson or DVCS final state. The derivation of the expression for the exclusive vector meson
production or DVCS amplitude, (11), relies on the assumption that the S-matrix is purely real
and therefore the exclusive amplitude A is purely imaginary. The real part of the amplitude

can be accounted for by multiplying the differential cross section for vector meson production
or DVCS, (12), by a factor (1 + β2), where β is the ratio of real to imaginary parts of the

scattering amplitude A and is calculated using

β = tan(πλ/2), with λ ≡
∂ ln

(

Aγ∗p→Ep
T,L

)

∂ ln(1/x)
. (56)
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The elementary elastic amplitudeAqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r,∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r,∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r,∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q,∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q,∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r,∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)

4
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data. Center: predictions for 12F Sn

2 /118FC
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NMC data at x = 0.0125. Right: Likewise for Q2 = 5 GeV2

as a function of x.

evolution at high parton densities, combined with a re-
alistic b-dependence, is better captured in the bCGC
model [10, 11]. Both the IPsat model and the bCGC
model provide excellent fits to a wide range of HERA
data for x ≤ 0.01 [11, 12]. We will now discuss the pos-
sibility that DIS off nuclei can distinguish respectively
between these “classical CGC” and “quantum CGC” mo-
tivated models.

A straightforward generalization of the dipole formal-
ism to nuclei is to introduce the coordinates of the indi-
vidual nucleons {b⊥i}. One obtains in the IPsat model,

dσA
dip

d2b⊥

= 2
[

1 − e−r2F (x,r)
PA

i=1 Tp(b⊥−b⊥i)
]

, (4)

where F is defined in Eq. (3). The positions of
the nucleons {b⊥i} are distributed according to the
Woods-Saxon distribution TA(b⊥i). We denote the
average of an observable O over {b⊥i} by 〈O〉N ≡
∫

∏A
i=1 d2b⊥iTA(b⊥i)O({b⊥i}). The average differen-

tial dipole cross section is well approximated by[9]

〈

dσA
dip

d2b⊥

〉

N

≈ 2

[

1 −

(

1 −
TA(b⊥)

2
σp

dip

)A
]

(5)

where, for large A, the expression in parenthesis can be

replaced by exp
(

−ATA(b⊥)
2 σp

dip

)

[13]. All parameters of

the model come from either fits of the model to ep-data
or from the Woods-Saxon distributions; no additional pa-
rameters are introduced for eA collisions. The same ex-
ercise is repeated for the bCGC model.

In Fig. 1 (left), we compare the prediction of the IP-
sat and bCGC models with the experimental data [25]
on nuclear DIS from the NMC collaboration [14]). Fig-
ure 1 (right) shows that the x dependence of shadow-
ing for fixed Q2 in the IPsat model is very flat. This is
because the best fit to ep-data in DGLAP-based dipole
models [8, 9] is given by a very weak x-dependence at

the initial scale µ2
0. A stronger x-dependence also for

large dipoles, such as in the in the GBW or bCGC mod-
els, gives a stronger x-dependence of shadowing at fixed
Q2. As shown in Fig. 1 (center), both the IPsat and
bCGC models predict strong Q2-dependence (at fixed x)
for shadowing. It is this latter effect which is primar-
ily responsible for the shadowing effect seen in the NMC
data. Precision measurements of FA

2 /AF p
2 would shed

more light on the relative importance of Q2 and x evolu-
tion in this regime.

We now turn to a discussion of the A and x dependence
of the saturation scale. In a simple GBW type model,
inserting a θ-function impact parameter dependence into

Eq. (5) yields the estimate Q2
s,A ≈ A1/3 R2

pA2/3

R2
A

Q2
s,p ≈

0.26A1/3Q2
s,p for 2πR2

p ≈ 20 mb and RA ≈ 1.1 A1/3 fm.
The smallness of Q2

s,A/Q2
s,p, due to the constant factor

∼ 0.26 has sometimes been interpreted [9, 15, 16] as a
weak nuclear enhancement of Qs. We will argue here
that detailed considerations of QCD evolution and the
b-dependence of the dipole cross section result in a sig-
nificantly larger nuclear enhancement of Qs.

The effect of QCD evolution on Qs,A in the IPsat nu-
clear dipole cross section is from the DGLAP-like growth
of the gluon distribution. The increase in the gluon den-
sity with increasing Q2 and decreasing (dominant) dipole
radius r causes Qs grow even faster as a function of A.
This is seen qualitatively for two different nuclei, A and
B (with A > B), in a “smooth nucleus” approximation

of Eq. (4) whereby
∑A

i=1 Tp(b⊥ − b⊥i) is replaced by
ATA(b⊥). We obtain

Q2
s,A

Q2
s,B

=
A

B

TA(b⊥)

TB(b⊥)

F (x, Q2
s,A)

F (x, Q2
s,B)

∼
A1/3

B1/3

F (x, Q2
s,A)

F (x, Q2
s,B)

. (6)

The scaling violations in F imply that, as observed in
Refs. [9, 17], the growth of Qs is faster than A1/3. Also,
because the increase of F with Q2 is faster for smaller x,
the A-dependence of Qs is stronger for higher energies. In
contrast, the dipole cross section in the bCGC model de-
pends only on the “geometrical scaling” combination [26]
rQs(x) without DGLAP scaling violations and therefore
does not have this particular nuclear enhancement [27].
Precise extraction of the A dependence of Qs will play an
important role in distinguishing between “classical” and
“quantum” evolution in the CGC.

A careful evaluation shows that because the density
profile in a nucleus is more uniform than that of the pro-
ton, the saturation scales in nuclei decrease more slowly
with b than in the proton. The dependence of the satu-
ration scale on the impact parameter is plotted in Fig. 2.
The saturation scale in gold nuclei at the median impact
parameter for the total cross section bmed. is about 70%
of the value at b = 0; in contrast, Q2

s,p(bmed.) is only
∼ 35% of the value at b = 0.

The A dependence of the saturation scale for various
x is shown in Fig. 3, for the IPsat model on the left and
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Nuclear enhancement of universal dynamics of high parton densities
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We show that the enhancement of the saturation scale in large nuclei relative to the proton is
significantly influenced by the effects of quantum evolution and the impact parameter dependence
of dipole cross sections in high energy QCD. We demonstrate that there is a strong A dependence
in diffractive deeply inelastic scatteringand discuss its sensitivity to the measurement of the recoil
nucleus.

PACS numbers: 24.85.+p,13.60.Hb

The properties of hadronic and nuclear wave functions
at high energies are of great importance in understanding
multi-particle production in QCD. Especially intriguing
is the possibility that the small Feynman x components of
these wavefunctions demonstrate universal behavior that
is insensitive to the details of hadron or nuclear structure
in the (large x) fragmentation region.

The specific nature of universal small x dynamics
in QCD follows from the strong enhancement of gluon
bremsstrahlung at small x leading to a rapid growth of
the occupation number of a transverse momentum mode
k⊥ in the hadron or nuclear wavefunction. However, it
can maximally be of order 1/αs (where αs is the QCD
coupling constant) because of non-linear multi–parton ef-
fects such as recombination and screening which deplete
the gluon density at small x [1]. In particular, the oc-
cupation number is maximal for modes with k⊥ <

∼ Qs,
where Qs(x), appropriately called the saturation scale, is
a scale generated by the multi-parton dynamics. For a
probe with transverse resolution 1/Q2, this scale is man-
ifest in a universal scaling form of observables as a func-
tion of Q/Qs in a wide kinematical range in x and Q2.

In addition to the strong x dependence generated by
gluon bremsstrahlung, the saturation scale Qs has a
strong A dependence because of the Lorentz contraction,
in the probe rest frame, of the nuclear parton density. For
large enough A and small enough x, the saturation scale
is larger than ΛQCD, the fundamental soft scale of QCD.
In this letter, we will discuss the A and x dependence
of the saturation scale and some of its ramifications for
hard diffraction in nuclei.

A saturation scale arises naturally in the Color Glass
Condensate (CGC) [2] description of universal proper-
ties of hadron and nuclear wavefunctions at small x. The
CGC, when applied to Deeply Inelastic Scattering (DIS),
results [3, 4], at leading order in αs, in the dipole pic-
ture of DIS [5], where the inclusive virtual photon hadron
cross section is

σγ∗p
L,T =

∫

d2
r⊥

∫ 1

0
dz

∣

∣

∣
Ψγ∗

L,T

∣

∣

∣

2
∫

d2
b⊥

dσp
dip

d2b⊥

. (1)

Here
∣

∣

∣
Ψγ∗

L,T (r⊥, z, Q)
∣

∣

∣

2
represents the probability for a

virtual photon to produce a quark–anti-quark pair of

size r = |r⊥| and
dσp

dip

d2b⊥
(r⊥, x,b⊥) denotes the dipole

cross section for this pair to scatter off the target at
an impact parameter b⊥. The former is well known
from QED, while the latter represents the dynamics of
QCD scattering at small x. A simple saturation model
(known as the GBW model [6]) of the dipole cross sec-

tion, parametrized as
dσp

dip

d2b⊥
= 2(1 − e−r2Q2

s,p(x)/4) where

Q2
s,p(x) = (x0/x)λ GeV2, gives a good qualitative fit to

the HERA inclusive cross section data for x0 = 3 · 10−4

and λ = 0.288. However, the model does not contain the
bremsstrahlung limit of perturbative QCD (pQCD) that
applies to small dipoles of size r # 1/Qs(x).

In the classical effective theory of the CGC, to lead-
ing logarithmic accuracy, one can derive the dipole cross
section [4] containing the right small r limit. This dipole
cross section can be represented (see however [7])

dσp
dip

d2b⊥

= 2
[

1 − exp
(

−r2F (x, r)Tp(b⊥)
)]

, (2)

where Tp(b⊥) is the impact parameter profile function
in the proton, normalized as

∫

d2b⊥ Tp(b⊥) = 1 and F
is proportional to the DGLAP evolved gluon distribu-
tion [8]

F (x, r2) = π2αs

(

µ2
0 + 4/r2

)

xg
(

x, µ2
0 + 4/r2

)

/(2Nc).
(3)

The dipole cross section in Eq. (2) was implemented in
the impact parameter saturation model (IPsat) [9] where
the parameters are fit to reproduce the HERA data on
the inclusive structure function F2.

In general, the dipole cross section can range from 0 in
the r → 0 color transparency limit to 2, the maximal uni-
tarity bound. The saturation scale Qs characterizes the
qualitative change between these regimes; we shall here
define Qs as the solution of dσdip

d2b⊥
(x, r2 = 1/Q2

s(x,b⊥)) =

2(1 − e−1/4) [24].
The IPsat dipole cross section in Eq. (2) is applica-

ble when leading logarithms in Q2 dominate over lead-
ing logarithms in x. At very small x, quantum evolu-
tion in the CGC [2] describing both the bremsstrahlung
limit of linear small x evolution as well as nonlinear RG
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evolution at high parton densities, combined with a re-
alistic b-dependence, is better captured in the bCGC
model [10, 11]. Both the IPsat model and the bCGC
model provide excellent fits to a wide range of HERA
data for x ≤ 0.01 [11, 12]. We will now discuss the pos-
sibility that DIS off nuclei can distinguish respectively
between these “classical CGC” and “quantum CGC” mo-
tivated models.

A straightforward generalization of the dipole formal-
ism to nuclei is to introduce the coordinates of the indi-
vidual nucleons {b⊥i}. One obtains in the IPsat model,

dσA
dip

d2b⊥

= 2
[

1 − e−r2F (x,r)
PA

i=1 Tp(b⊥−b⊥i)
]

, (4)

where F is defined in Eq. (3). The positions of
the nucleons {b⊥i} are distributed according to the
Woods-Saxon distribution TA(b⊥i). We denote the
average of an observable O over {b⊥i} by 〈O〉N ≡
∫

∏A
i=1 d2b⊥iTA(b⊥i)O({b⊥i}). The average differen-

tial dipole cross section is well approximated by[9]

〈

dσA
dip

d2b⊥

〉

N

≈ 2

[

1 −

(

1 −
TA(b⊥)

2
σp

dip

)A
]

(5)

where, for large A, the expression in parenthesis can be

replaced by exp
(

−ATA(b⊥)
2 σp

dip

)

[13]. All parameters of

the model come from either fits of the model to ep-data
or from the Woods-Saxon distributions; no additional pa-
rameters are introduced for eA collisions. The same ex-
ercise is repeated for the bCGC model.

In Fig. 1 (left), we compare the prediction of the IP-
sat and bCGC models with the experimental data [25]
on nuclear DIS from the NMC collaboration [14]). Fig-
ure 1 (right) shows that the x dependence of shadow-
ing for fixed Q2 in the IPsat model is very flat. This is
because the best fit to ep-data in DGLAP-based dipole
models [8, 9] is given by a very weak x-dependence at

the initial scale µ2
0. A stronger x-dependence also for

large dipoles, such as in the in the GBW or bCGC mod-
els, gives a stronger x-dependence of shadowing at fixed
Q2. As shown in Fig. 1 (center), both the IPsat and
bCGC models predict strong Q2-dependence (at fixed x)
for shadowing. It is this latter effect which is primar-
ily responsible for the shadowing effect seen in the NMC
data. Precision measurements of FA

2 /AF p
2 would shed

more light on the relative importance of Q2 and x evolu-
tion in this regime.

We now turn to a discussion of the A and x dependence
of the saturation scale. In a simple GBW type model,
inserting a θ-function impact parameter dependence into

Eq. (5) yields the estimate Q2
s,A ≈ A1/3 R2

pA2/3

R2
A

Q2
s,p ≈

0.26A1/3Q2
s,p for 2πR2

p ≈ 20 mb and RA ≈ 1.1 A1/3 fm.
The smallness of Q2

s,A/Q2
s,p, due to the constant factor

∼ 0.26 has sometimes been interpreted [9, 15, 16] as a
weak nuclear enhancement of Qs. We will argue here
that detailed considerations of QCD evolution and the
b-dependence of the dipole cross section result in a sig-
nificantly larger nuclear enhancement of Qs.

The effect of QCD evolution on Qs,A in the IPsat nu-
clear dipole cross section is from the DGLAP-like growth
of the gluon distribution. The increase in the gluon den-
sity with increasing Q2 and decreasing (dominant) dipole
radius r causes Qs grow even faster as a function of A.
This is seen qualitatively for two different nuclei, A and
B (with A > B), in a “smooth nucleus” approximation

of Eq. (4) whereby
∑A

i=1 Tp(b⊥ − b⊥i) is replaced by
ATA(b⊥). We obtain

Q2
s,A

Q2
s,B

=
A

B

TA(b⊥)

TB(b⊥)

F (x, Q2
s,A)

F (x, Q2
s,B)

∼
A1/3

B1/3

F (x, Q2
s,A)

F (x, Q2
s,B)

. (6)

The scaling violations in F imply that, as observed in
Refs. [9, 17], the growth of Qs is faster than A1/3. Also,
because the increase of F with Q2 is faster for smaller x,
the A-dependence of Qs is stronger for higher energies. In
contrast, the dipole cross section in the bCGC model de-
pends only on the “geometrical scaling” combination [26]
rQs(x) without DGLAP scaling violations and therefore
does not have this particular nuclear enhancement [27].
Precise extraction of the A dependence of Qs will play an
important role in distinguishing between “classical” and
“quantum” evolution in the CGC.

A careful evaluation shows that because the density
profile in a nucleus is more uniform than that of the pro-
ton, the saturation scales in nuclei decrease more slowly
with b than in the proton. The dependence of the satu-
ration scale on the impact parameter is plotted in Fig. 2.
The saturation scale in gold nuclei at the median impact
parameter for the total cross section bmed. is about 70%
of the value at b = 0; in contrast, Q2

s,p(bmed.) is only
∼ 35% of the value at b = 0.

The A dependence of the saturation scale for various
x is shown in Fig. 3, for the IPsat model on the left and

for e+A

The average differential dipole cross-section can be  approximated  by:

where

2

which depends upon (Q2, z, r). Here z denotes the lon-
gitudinal momentum fraction of the photon carried by
the quark and r the transverse size of the qq̄ pair. These
wave functions are determined from light cone perturba-
tion theory to leading order in the fermion electromag-
netic charge [10]. Similarly, the amplitude for the qq̄ to
recombine to form a virtual photon is (ψ∗

γ,f )hh̄
λ .

The elastic scattering of the qq̄ pair with squared mo-
mentum transfer ∆2 = −t is described by the elastic
scattering amplitude, Aqq̄

el (x, r,∆). (The notation in this
section follows S. Munier et al [5].) Here Ael is defined
such that the elastic qq̄ cross section is

dσqq̄

dt
=

1

16π
|Ael(x, r,∆)|2 . (1)

It is convenient to work in coordinate space and define
the S-matrix element at a particular impact parameter b

S(b) = 1 +
1

2

∫

d2∆ eib·∆ Aqq̄
el (x, r,∆) . (2)

This corresponds to ones intuitive notion of impact pa-
rameter only when the dipole size is small compared to
the size of the proton. The total cross section for the qq̄
pair is found by taking the imaginary part of iAel or in
terms of the S-matrix element

σqq̄(x, r) = Im iAqq̄
el (x, r, 0) =

∫

d2b 2(1− Re S(b)). (3)

This motivates the definition of the qq̄ differential cross
section

dσqq

d2b
= 2 (1 − Re S(b)). (4)

The total γ∗p cross section for transverse and longitu-
dinal virtual photons is then given by the imaginary part
of the forward scattering amplitude

σγ∗p
L,T (x, Q2) =

∫

d2r

∫

dz

4π

∑

f

(γ|γ)f
L,T

σqq̄(x, r) , (5)

with

σqq(x, r) =

∫

d2b
dσqq

d2b
. (6)

(γ|γ)f
L,T denotes the probability for a polarized virtual

photon to fluctuate into a qq̄ pair with flavor f

(γ|γ)f
L ≡

∑

hh̄

(ψ∗
γ,f )hh̄

0 (ψγ,f)hh̄
0 (7)

(γ|γ)f
T ≡

1

2

∑

hh̄
λ=±1

(ψ∗
γ,f)hh̄

λ (ψγ,f)hh̄
λ . (8)

In the dipole picture elastic diffractive vector meson
production appears in a similarly transparent way [11].

We denote amplitude for a vector meson to fluctuate into
a qq̄ pair by (ψV )hh̄

λ . This vector-meson wave function
will be discussed below. The amplitude for elastic diffrac-
tive vector meson production with squared momentum
transfer ∆2 = −t and transverse (T) or longitudinal po-
larization (L) is

AL,T (∆) =

∫

d2r

∫

dz

4 π

∫

d2b (V |γ)L,T e−ib·∆ 2 (1−S(b)) .

(9)
Assuming that the S-matrix element is predominantly

real we may substitute 2(1−S(b)) with d2σqq̄

d2b . Then, the
elastic diffractive cross section is

dσL,T

dt
=

1

16π

∣

∣

∣

∣

∫

d2r

∫

dz

4 π

∫

d2b (V |γ)L,T e−ib·∆ dσqq

d2b

∣

∣

∣

∣

2

.

(10)
Note, it is the total dipole cross section at a particu-
lar impact parameter which appears in this formula. S.
Munier et al [5] extracted S(b) from the diffractive data
using the formalism outlined above.

III. MODEL DESCRIPTION

In order to describe the data it is necessary to make
specific assumptions about the dipole cross section and
the photon and vector meson wave-functions. First, we
give a simple model for the dipole cross section and con-
trast this model with other models that have appeared
previously. Then we define the gluon structure function
xg(x, µ2) and the proton shape function T (b) which en-
ters the dipole cross-section. Then we define and dis-
cuss the properties of the vector meson wave-functions
in some detail. Finally after the dipole cross-section and
the wave-functions are specified, we determine the model
parameters by fitting the inclusive total cross section and
elastic diffractive vector meson data.

A. The Dipole Cross Section

The total cross section for a small qq̄ dipole to pass
through a dilute gluon cloud is proportional to the dipole
area, the strong coupling constant, and the number of
gluons in the cloud [12]

σqq̄ =
π2

Nc
r2αs(µ

2)xg(x, µ2) , (11)

where x g(x, µ2) is gluon density at some scale µ2. Now
imagine that the density of gluons in the target is not
small. Divide the target into thin slices of thickness dz
[46]. The probability that a dipole at impact parameter
b does not suffer an inelastic interaction passing through
one slice of the proton is

P (b) = 1 −
π2

Nc
r2αs(µ

2)xg(x, µ2)ρ(b, z)dz . (12)

which can be calculated from the
b-Sat in e+p
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evolution at high parton densities, combined with a re-
alistic b-dependence, is better captured in the bCGC
model [10, 11]. Both the IPsat model and the bCGC
model provide excellent fits to a wide range of HERA
data for x ≤ 0.01 [11, 12]. We will now discuss the pos-
sibility that DIS off nuclei can distinguish respectively
between these “classical CGC” and “quantum CGC” mo-
tivated models.

A straightforward generalization of the dipole formal-
ism to nuclei is to introduce the coordinates of the indi-
vidual nucleons {b⊥i}. One obtains in the IPsat model,

dσA
dip

d2b⊥

= 2
[

1 − e−r2F (x,r)
PA

i=1 Tp(b⊥−b⊥i)
]

, (4)

where F is defined in Eq. (3). The positions of
the nucleons {b⊥i} are distributed according to the
Woods-Saxon distribution TA(b⊥i). We denote the
average of an observable O over {b⊥i} by 〈O〉N ≡
∫

∏A
i=1 d2b⊥iTA(b⊥i)O({b⊥i}). The average differen-

tial dipole cross section is well approximated by[9]

〈

dσA
dip

d2b⊥

〉

N

≈ 2

[

1 −

(

1 −
TA(b⊥)

2
σp

dip

)A
]

(5)

where, for large A, the expression in parenthesis can be

replaced by exp
(

−ATA(b⊥)
2 σp

dip

)

[13]. All parameters of

the model come from either fits of the model to ep-data
or from the Woods-Saxon distributions; no additional pa-
rameters are introduced for eA collisions. The same ex-
ercise is repeated for the bCGC model.

In Fig. 1 (left), we compare the prediction of the IP-
sat and bCGC models with the experimental data [25]
on nuclear DIS from the NMC collaboration [14]). Fig-
ure 1 (right) shows that the x dependence of shadow-
ing for fixed Q2 in the IPsat model is very flat. This is
because the best fit to ep-data in DGLAP-based dipole
models [8, 9] is given by a very weak x-dependence at

the initial scale µ2
0. A stronger x-dependence also for

large dipoles, such as in the in the GBW or bCGC mod-
els, gives a stronger x-dependence of shadowing at fixed
Q2. As shown in Fig. 1 (center), both the IPsat and
bCGC models predict strong Q2-dependence (at fixed x)
for shadowing. It is this latter effect which is primar-
ily responsible for the shadowing effect seen in the NMC
data. Precision measurements of FA

2 /AF p
2 would shed

more light on the relative importance of Q2 and x evolu-
tion in this regime.

We now turn to a discussion of the A and x dependence
of the saturation scale. In a simple GBW type model,
inserting a θ-function impact parameter dependence into

Eq. (5) yields the estimate Q2
s,A ≈ A1/3 R2

pA2/3

R2
A

Q2
s,p ≈

0.26A1/3Q2
s,p for 2πR2

p ≈ 20 mb and RA ≈ 1.1 A1/3 fm.
The smallness of Q2

s,A/Q2
s,p, due to the constant factor

∼ 0.26 has sometimes been interpreted [9, 15, 16] as a
weak nuclear enhancement of Qs. We will argue here
that detailed considerations of QCD evolution and the
b-dependence of the dipole cross section result in a sig-
nificantly larger nuclear enhancement of Qs.

The effect of QCD evolution on Qs,A in the IPsat nu-
clear dipole cross section is from the DGLAP-like growth
of the gluon distribution. The increase in the gluon den-
sity with increasing Q2 and decreasing (dominant) dipole
radius r causes Qs grow even faster as a function of A.
This is seen qualitatively for two different nuclei, A and
B (with A > B), in a “smooth nucleus” approximation

of Eq. (4) whereby
∑A

i=1 Tp(b⊥ − b⊥i) is replaced by
ATA(b⊥). We obtain

Q2
s,A

Q2
s,B

=
A

B

TA(b⊥)

TB(b⊥)

F (x, Q2
s,A)

F (x, Q2
s,B)

∼
A1/3

B1/3

F (x, Q2
s,A)

F (x, Q2
s,B)

. (6)

The scaling violations in F imply that, as observed in
Refs. [9, 17], the growth of Qs is faster than A1/3. Also,
because the increase of F with Q2 is faster for smaller x,
the A-dependence of Qs is stronger for higher energies. In
contrast, the dipole cross section in the bCGC model de-
pends only on the “geometrical scaling” combination [26]
rQs(x) without DGLAP scaling violations and therefore
does not have this particular nuclear enhancement [27].
Precise extraction of the A dependence of Qs will play an
important role in distinguishing between “classical” and
“quantum” evolution in the CGC.

A careful evaluation shows that because the density
profile in a nucleus is more uniform than that of the pro-
ton, the saturation scales in nuclei decrease more slowly
with b than in the proton. The dependence of the satu-
ration scale on the impact parameter is plotted in Fig. 2.
The saturation scale in gold nuclei at the median impact
parameter for the total cross section bmed. is about 70%
of the value at b = 0; in contrast, Q2

s,p(bmed.) is only
∼ 35% of the value at b = 0.

The A dependence of the saturation scale for various
x is shown in Fig. 3, for the IPsat model on the left and

R. Vogt, Nuclear Overlap Functions:

Note: Ramona’s parameters
give:
∫ TA(b) db2 = A
while the above assumes
∫ TA(b) db2 = 1

NB: Integrals of WS have no analytical solution. This and the 
σdipp integration make e+A a CPU hog.

Wood-Saxon:
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Figure 4: Dipole cross section at various impact parameters, as determined in the b-Sat model.

Model T (b) Q2/GeV2 mu,d,s/GeV mc/GeV µ2
0/GeV2 Ag λg χ2/d.o.f.

b-Sat Gaussian [0.25,650] 0.14 1.4 1.17 2.55 0.020 193.0/160 = 1.21
b-Sat Gaussian [0.25,650] 0.14 1.35 1.20 2.51 0.024 190.2/160 = 1.19

b-Sat Gaussian [0.25,650] 0.14 1.5 1.11 2.64 0.011 198.1/160 = 1.24
b-Sat Gaussian [0.25,650] 0.05 1.4 0.77 3.61 −0.118 144.7/160 = 0.90
b-Sat Step [0.25,650] 0.14 1.4 1.50 2.20 0.071 199.6/160 = 1.25

Table 3: Parameters of the initial gluon distribution (43) determined from fits to F2 data [22,23].

All predictions using the b-Sat model in this paper are evaluated with the set of parameters
given in the first line unless explicitly stated otherwise.
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integrated over z for the three different vector mesons at Q2 values representative of the data.
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Figure 12: The ratio R ≡ σL/σT vs. Q2 compared to predictions from the b-Sat model using
the “boosted Gaussian” vector meson wave function for different quark masses.
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Figure 11: The ratio R ≡ σL/σT vs. Q2 compared to predictions from the b-Sat model using

two different vector meson wave functions.

σL/σT ∼ Q2. This simple scaling is affected by the Q2 evolution of the anomalous dimension of

the gluon distribution [15, 19], and by the contributions from the end-points to the transverse
cross section, which are different for the “Gaus-LC” and “boosted Gaussian” vector meson

wave functions. Fig. 11 shows that the “boosted Gaussian” wave function is favoured by the
ρ meson data, where the “Gaus-LC” wave function leads to a value of σL/σT which rises too
rapidly with increasing Q2. For J/ψ and φ mesons, both vector meson wave functions lead to a

similar behaviour. In Fig. 12 we show the effect of changing the quark masses when using the
“boosted Gaussian” wave function. For ρ mesons, the ratio σL/σT shows a strong dependence

on the quark mass. A more precise analysis, which goes beyond the scope of this paper, shows
that the ratio σL/σT is very sensitive to the behaviour of the wave functions at the end-points

(z → 0, 1).

3.3 Vector meson t-distributions

The observed t-distributions of the vector meson processes are an important source of infor-
mation on the shape of the proton in the low-x region. Fig. 13 shows the HERA data on

t-distributions for J/ψ [25–27] and φ [28] meson production. Fig. 14 shows the effective slope
of the t-distribution, the parameter BD, for J/ψ, φ and ρ [29] vector mesons as a function of
(Q2 + M2

V ). The parameter BD describes the area size of the interaction region and is ob-

tained by making a fit to the observed (or computed in the model) t-distributions of the form
dσ/dt ∝ exp(−BD|t|). The theory predictions for BD are all obtained by making fits to dσ/dt

in the range |t| < 0.5 GeV2. Figs. 13 and 14 show that the t dependence and the (Q2 + M2
V )

dependence of BD are well described by the dipole model predictions for all three vector mesons

whether using either the “Gaus-LC” or the “boosted Gaussian” vector meson wave functions.
We note that this good description is obtained with only one value of the width of the proton
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e+p: J/ψ production, b-CGC model
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Summary
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xdvmp is a C++ implementation of the b-Sat and b-
CGC dipole models

• e+p is implemented, results agree with KWM results 
who successfully describe HERA data

• e+A exist but needs work

• Can be used for simulations through weighting of 
events with σ(t,x,Q2,...)

• Needs more testing (and speed improvements)


